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In this study, fin efficiency of convective straight fins with temperature-dependent thermal conductivity is
solved using a simulation method called the Differential Transformation Method (DTM). The concept of
differential transformation is briefly introduced, and then we employed it to derive solutions of nonlinear
equation. The obtained results from DTM are compared with those from the exact and numerical solution to
verify the accuracy of the proposed method. The results reveal that the Differential Transformation Method
can achieve suitable results in predicting the solution of such problems. After this verification, we analyze the
effects of some physical applicable parameters in this problem such as thermo-geometric fin parameter and
thermal conductivity parameter.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction

A growing number of engineering applications are concerned
with energy transport by requiring the rapid movement of heat. To
increase the heat transfer rate on a surface, fin assembly is
commonly used. The heat transfer mechanism of fin is to conduct
heat from heat source to the fin surface by its thermal conduction,
and then dissipate heat to the air by the effect of thermal convection.
These extended surfaces are extensively used in various industrial
applications. An extensive review on this topic is presented by Kern
and Krause [1] and Aziz [2]. Also a considerable amount of research
has been conducted about the variable thermal parameters which
are associated with fins operating in practical situations. In the
present paper, the resulting nonlinear differential equation is solved
by DTM to evaluate the temperature distribution within the fin and
compared with exact solution [3,4] and numerical solutions. Using
the temperature distribution, the efficiency of the fins is expressed
through a term called thermo-geometric fin parameter (ψ) and
thermal conductivity parameter (β), describing the variation of the
thermal conductivity.

All these problems and phenomena are modeled by ordinary or
partial differential equations. In this case study, similarity transfor-
mation has been used to reduce the governing differential equations
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into an ordinary non-linear differential equation. In most cases,
these problems do not admit analytical solution, so these equations
should be solved using special techniques. In recent years some
researchers used new methods to solve these kinds of problem [5–
10]. Integral transform methods such as the Laplace and the Fourier
transform methods are widely used in engineering problems. These
methods transform differential equations into algebraic equations
which are easier to deal with. However, integral transform methods
are more complex and difficult when applying to nonlinear
problems. The Differential Transformation Method was first applied
in the engineering domain by Zhou [11]. The differential transform
method is based on Taylor expansion. It constructs an analytical
solution in the form of a polynomial. It is different from the
traditional high order Taylor series method, which requires sym-
bolic computation of the necessary derivatives of the data functions.
The Taylor series method is computationally taken long time for
large orders. The differential transform is an iterative procedure for
obtaining analytic Taylor series solutions of differential equations.
Differential transform has the inherent ability to deal with non-
linear problems, and consequently Chiou [12] applied the Taylor
transform to solve non-linear vibration problems. Furthermore, the
method may be employed for the solution of both ordinary and
partial differential equations. Jang et al. [13] applied the two-
dimensional differential transform method to the solution of partial
differential equations. Finally, Hassan [14] adopted the Differential
Transformation Method to solve some problems. The method was
successfully applied to various application problems [15–17].
Recently this kind of problemhas been analyzed by some researchers
using different methods [3,18–27].
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Nomenclature

Ac cross-sectional area of the fin (m2)
b fin length (m)
DTM Differential Transformation Method
h heat transfer coefficient (W m-1 K-1)
k thermal conductivity of the fin material (W m-1 K-1)
ka thermal conductivity at the ambient fluid temperature

(W m-1 K-1)
kb thermal conductivity at the base temperature (W m-1

K-1)
NS Numerical Solution
P fin perimeter (m)
Q heat-transfer rate (W)
Ta temperature of surface a (K)
Tb temperature of surface b (K)
x distance measured from the fin tip (m)
β dimensionless parameter describing variation of the

thermal conductivity
η fin efficiency
ζ dimensionless coordinate
λ the slope of the thermal conductivity–temperature

curve (K-1)
ψ thermo-geometric fin parameter
θ dimensionless temperature

Table 1
The fundamental operations of differential transform method.

Original function Transformed function

x(t)=αf(x)±βg(t) X(k)=αF(k)±βG(k)

x tð Þ = df tð Þ
dt

X(k)=(k+1)F(k+1)

x tð Þ = d2
f tð Þ

dt2
X(k)=(k+1)(k+2)F(k+2)

x(t)=exp(t) X kð Þ = k
k!

x(t)= f(t)g(t) X kð Þ = Pk
l=0

F lð ÞG k − lð Þ

x(t)= tm X kð Þ = δ k − mð Þ = 1 k = m
0 k ≠ m

�

758 A.A. Joneidi et al. / International Communications in Heat and Mass Transfer 36 (2009) 757–762
In this letter, analytical solution of fin efficiency of convective
straight fins with temperature-dependent thermal conductivity has
been studied by Differential Transformation Method. For this purpose,
after description of the problem and brief introduction for DTM, we
applied DTM to find the approximate solution. Obtaining the
analytical solution of the model and comparing with exact and
numerical results reveal the capability, effectiveness, convenience and
high accuracy of this method.

2. Description of the problem

To analyze the fin problem, the heat transfer performance of the
extended surface refers to two approaches. One is based on thermal
convection through fin surface area where the heat transfer rate of fin
is a product of three factors which are heat transfer coefficients, fin
surface area, and temperature difference between fin surface and
surrounding. The other one is based on thermal conduction through
fin cross-section where the main factors that govern the heat removal
of fin are thermal conductivity, fin cross-section area, and temperature
gradient along heat flow direction.

Consider a straight fin with a temperature-dependent thermal
conductivity, arbitrary constant cross-sectional area Ac; perimeter
P and length b (see Fig. 1). The fin is attached to a base surface
Fig. 1. The sketch of the problem under discussion.
of temperature Tb, extends into a fluid of temperature Ta, and its tip is
insulated. The one-dimensional energy balance equation is given:

Ac
d
dx

k Tð ÞdT
dx

� �
− Ph Tb − Tað Þ = 0 ð1Þ

The thermal conductivity of the fin material is assumed to be a
linear function of temperature according to

k Tð Þ = ka 1 + λ T − Tað Þ½ � ð2Þ

Where ka is the thermal conductivity at the ambient fluid
temperature of the fin and k is the parameter describing the thermal
conductivity variation.

Employing the following dimensionless parameters [18]:

θ =
T − Ta
Tb − Ta

; f =
x
b
; β = λ Tb − Tað Þ; ψ =

hPb2

kaAc

 !1=2

ð3Þ

The problem formulation reduces to:

d2θ
d2f

+ βθ
d2θ
d2f

+ β
dθ
df

� �2
− ψ2θ = 0 ð4Þ

dθ
df

= 0 at f = 0 ð5Þ

θ = 1 at f = 1 ð6Þ

3. Fin efficiency

The heat transfer rate from the fin is found by using Newton's law
of cooling.

Q =
Z b

0

P T − Tað Þdx ð7Þ

The ratio of actual heat transfer from the fin surface to the other
sidewhilewhole fin surface is at the same temperature, we commonly
called it the fin efficiency.

η =
Q

Q ideal
=

Rb
0

P T − Tað Þdx
Pb Tb − Tað Þ =

Z1
f=0

θ fð Þdf ð8Þ

4. Fundamentals of Differential Transformation Method

We suppose x(t) to be analytic function in a domain D and t= ti
represent any point in D. The function x(t) is then represented by one



Table 2
The results of DTM and exact solution for θ(ξ).

ξ β=0, ψ=0.5 β=0, ψ=1

DTM Exact Error DTM Exact Error

0 0.8868188841 0.8868188838 0.0000000003 0.6480542737 0.6480542738 0.0000000001
0.05 0.8870960292 0.8870960294 0.0000000002 0.6488645100 0.6488645103 0.0000000003
0.10 0.8879276383 0.8879276382 0.0000000003 0.6512972462 0.6512972462 0.0000000000
0.15 0.8893142310 0.8893142313 0.0000000003 0.6553585647 0.6553585646 0.0000000001
0.20 0.8912566748 0.8912566745 0.0000000003 0.6610586207 0.6610586205 0.0000000002
0.25 0.8937561827 0.8937561822 0.0000000005 0.6684116668 0.6684116676 0.0000000008
0.30 0.8968143173 0.8968143168 0.0000000005 0.6774360915 0.6774360918 0.0000000003
0.35 0.9004329897 0.9004329893 0.0000000004 0.6881544588 0.6881544591 0.0000000003
0.40 0.9046144623 0.9046144616 0.0000000007 0.7005935709 0.7005935709 0.0000000000
0.45 0.9093613475 0.9093613475 0.0000000000 0.7147845318 0.7147845315 0.0000000003
0.50 0.9146766135 0.9146766141 0.0000000006 0.7307628258 0.7307628261 0.0000000003
0.55 0.9205635842 0.9205635830 0.0000000012 0.7485684079 0.7485684081 0.0000000002
0.60 0.9270259345 0.9270259345 0.0000000000 0.7682458015 0.7682458010 0.0000000005
0.65 0.9340677074 0.9340677069 0.0000000005 0.7898442081 0.7898442088 0.0000000007
0.70 0.9416933025 0.9416933025 0.0000000000 0.8134176386 0.8134176383 0.0000000003
0.75 0.9499074872 0.9499074868 0.0000000004 0.8390250359 0.8390250359 0.0000000000
0.80 0.9587153946 0.9587153943 0.0000000003 0.8667304332 0.8667304328 0.0000000004
0.85 0.9681225298 0.9681225300 0.0000000002 0.8966031067 0.8966031075 0.0000000008
0.90 0.9781347745 0.9781347735 0.000000001 0.9287177570 0.9287177568 0.0000000002
0.95 0.9887583840 0.9887583835 0.0000000005 0.9631546839 0.9631546843 0.0000000004
1.00 1.000000000 0.9999999999 0.0000000001 1.000000001 1.000000000 0.000000001

759A.A. Joneidi et al. / International Communications in Heat and Mass Transfer 36 (2009) 757–762
power series whose center is located at ti. The Taylor series expansion
function of x(t) is of the form [15,16]

x tð Þ =
X∞
k=0

t−tið Þk
k!

dkx tð Þ
dtk

" #
t= ti

8t aD ð9Þ

The particular case of Eq. (9) when ti=0 is referred to as the
Maclaurin series of x(t) and is expressed as:

x tð Þ =
X∞
k=0

tk

k!
dkx tð Þ
dtk

" #
t=0

8t aD ð10Þ

As explained in [11] the differential transformation of the function
x(t) is defined as follows:

X kð Þ =
X∞
k=0

Hk

k!
dkx tð Þ
dtk

" #
t=0

; ð11Þ

where x(t) is the original function and X(k) is the transformed
function. The differential spectrum of X(k) is confined within
Fig. 2. Comparison of the solutions via DTM and exact solut
the interval t∈ [0,H], where H is a constant. The differential inverse
transform of X(k) is defined as follows:

x tð Þ =
X∞
k=0

t
H

� �k

X kð Þ ð12Þ

It is clear that the concept of differential transformation is based
upon the Taylor series expansion. The values of function X(k) at
values of argument k are referred to as discrete, i.e. X(0) is known
as the zero discrete, X(1) as the first discrete, etc. The more discrete
available, the more precise it is possible to restore the unknown
function. The function x(t) consists of the T-function X(k), and its
value is given by the sum of the T-function with (t/H)k as its
coefficient. In real applications, at the right choice of constant H, the
larger values of argument k the discrete of spectrum reduce rapidly.
ion for θ(ξ). (a) For β=0, ψ=0.5, (b) for β=0, ψ=1.



Table 3
The results of DTM and NS for θ(ξ).

ξ β=0.4, ψ=1 β=0.2, ψ=0.5

DTM NS Error DTM NS Error

0 0.7160464622 0.716046471814 0.0000000096 0.9034471796 0.90344718163 0.000000002
0.05 0.7167422747 0.716742314035 0.000000039 0.9036863060 0.90368630795 0.0000000019
0.10 0.7188301611 0.718830179624 0.0000000185 0.9044037536 0.90440375553 0.0000000019
0.15 0.7223114651 0.722311474600 0.0000000095 0.9055997276 0.90559972961 0.000000002
0.20 0.7271884199 0.727188432514 0.000000012 0.9072745703 0.90727457224 0.0000000019
0.25 0.7334641375 0.733464148787 0.000000011 0.9094287601 0.90942876198 0.0000000018
0.30 0.7411425952 0.741142604274 0.000000009 0.9120629117 0.91206291354 0.0000000018
0.35 0.7502286174 0.750228627163 0.000000097 0.9151777756 0.91517777735 0.0000000017
0.40 0.7607278540 0.760727863879 0.000000098 0.9187742374 0.91877423912 0.0000000017
0.45 0.7726467558 0.772646763905 0.000000081 0.9228533176 0.92285331912 0.0000000015
0.50 0.7859925453 0.785992554268 0.000000089 0.9274161700 0.92741617157 0.0000000015
0.55 0.8007731867 0.800773195331 0.000000086 0.9324640824 0.93246408382 0.0000000014
0.60 0.8169973500 0.816997356422 0.000000064 0.9379984741 0.93799847545 0.0000000013
0.65 0.8346743754 0.834674381348 0.000000059 0.9440208963 0.94402089730 0.000000001
0.70 0.8538142337 0.853814240004 0.000000063 0.9505330293 0.95053303043 0.0000000011
0.75 0.8744274849 0.874427488293 0.000000033 0.9575366840 0.95753668492 0.0000000009
0.80 0.8965252359 0.896525236609 0.000000007 0.9650337981 0.96503379868 0.0000000005
0.85 0.9201190955 0.920119098778 0.000000032 0.9730264355 0.97302643605 0.0000000005
0.90 0.9452211304 0.945221123165 0.000000072 0.9815167860 0.98151678645 0.0000000004
0.95 0.9718438178 0.971843786481 0.00000031 0.9905071626 0.99050716283 0.0000000002
1.00 0.9999999996 1.000000000000 0.000000004 0.9999999996 0.99999999999 0.0000000003
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The function x(t) is expressed by a finite series and Eq. (12) can be
written as:

x tð Þ =
Xn
k=0

t
H

� �k

X kð Þ: ð13Þ

Mathematical operations performed by differential transform
method are listed in Table 1.

5. Solution with Differential Transformation Method

Now we apply Differential Transformation Method into Eq. (4).
Taking the differential transform of Eq. (4) with respect to y, and

considering H=1 gives:

k + 1ð Þ k + 2ð ÞΘ k + 2ð Þ

+ β
Xk
i=0

½Θ ið Þ k − i + 1ð Þ k − i + 2ð ÞΘ k − i + 2ð Þ

+ i + 1ð ÞΘ i + 1ð Þ k − i + 1ð ÞΘ k − i + 1ð Þ�− ψ2Θ kð Þ = 0:

ð14Þ

From boundary conditions in Eq. (5), that we have it in point y=0,
and exerting transformation

Θ 1ð Þ = 0 ð15Þ

The other boundary conditions are considered as follow:

Θ 0ð Þ = a ð16Þ

Where a is constant, and we will calculate it with considering
another boundary condition in Eq. (6) in point y=1.
We will have:

Θ 2ð Þ = 1
2

ψ2a
1 + βa

Θ 3ð Þ = 0

Θ 4ð Þ = − 1
24

ψ4a 2βa − 1ð Þ
1 + βað Þ3

Θ 5ð Þ = 0

Θ 6ð Þ = 1
720

ψ6a 2βa − 1ð Þ 14βa − 1ð Þ
1 + βað Þ5

Θ 7ð Þ = 0

Θ 8ð Þ = − 1
40320

ψ8a 2βa − 1ð Þ 25592β3a3 − 7152β2a2 + 330βa − 1
� �

1 + βað Þ7

Θ 9ð Þ = 0

v

ð17Þ

The above process is continuous. Substituting Eq. (17) into the main
equation based on DTM, it can be obtained that the closed form of the
solutions is:

θ fð Þ = a +
1
2

ψ2a
1 + βa

f
2 − 1

24
ψ4a 2βa − 1ð Þ

1 + βað Þ3 f
4

+
1

720
ψ6a 2βa − 1ð Þ 14βa − 1ð Þ

1 + βað Þ5 f6

− 1
40320

ψ8a 2βa − 1ð Þ 25592β3a3 − 7152β2a2 + 330βa − 1
� �

1 + βað Þ7 f8

+ N

ð18Þ



Fig. 3. Comparison of the solutions via DTM and Numerical solution for θ(ξ). (a) For β=0.4, ψ=1, (b) for β=0.2, ψ=0.5.

Fig. 5. Temperature distribution in convective fins with variabl

Fig. 4. Temperature distribution in convective fins with variable thermal conductivity.
For various ψ when β=0.
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To obtain the value of a, we substitute the boundary condition
from Eq. (6) into Eq. (18) in point y=1. So, we have:

θ 1ð Þ = a +
1
2

ψ2a
1 + βa

− 1
24

ψ4a 2βa − 1ð Þ
1 + βað Þ3

+
1

720
ψ6a 2βa − 1ð Þ 14βa − 1ð Þ

1 + βað Þ5

− 1
40320

ψ8a 2βa − 1ð Þ 25592β3a3 − 7152β2a2 + 330βa − 1
� �

1 + βað Þ7

+ N = 1

ð19Þ

Solving Eq. (19), gives the value of a. This value is too long that are
not shown in this paper. By substituting obtained a into Eq. (18), we
can find the expressions of θ(ζ).

For the case of constant thermal conductivity (β=0), results of
the present analysis are tabulated against the analytical solution [3]
in Table 2. A very interesting agreement between the results is
observed, which confirms the validity of the DTM. Then in Fig. 2 the
e thermal conductivity. (a) When ψ=0.5, (b) when ψ=1.



Fig. 6. Variation of the fin efficiency with the thermo-geometric fin parameter (ψ) for
different values of the thermal conductivity parameter.
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comparison of the solutions between DTM and exact results is
shown.

For the case of variable thermal conductivity (β=0.4 and β=0.2),
results of the present analysis are tabulated against the numerical
solution obtained by fourth-order Runge–Kutta in Table 3. In this case, a
very interesting agreement between the results is observed too, which
confirms the excellent validity of theDTM. Then in Fig. 3 the comparison
of the solutions between DTM and numerical results is shown.

Fig. 4 depicts the effect temperature difference with various values
of thermo-geometric fin parameter (ψ) from 0.5 to 0.65 when the
thermal conductivity is constant (β=0). This figure display that
increasing in the values of thermo-geometric fin parameter produce
decrease in values of dimensionless temperature.

The dimensionless temperature distributions along the fin surface
with β varying from −0.3 to 0.3 are depicted in Fig. 5 for different
values of ψ=0.5 and ψ=1, respectively. If the thermal conductivity of
the fin's material increases with the temperature, so the dimension-
less temperature increases, too.

Fig. 6 shows thefin efficiencyas a function of the thermo-geometric
fin parameter for six different values of the thermal conductivity
parameter.

6. Conclusion

In this study, we presented the definition and operation of one-
dimensional Differential Transformation Method (DTM). Using the
differential transform, differential equations can be transformed to
algebraic equations in the K domain. This method has applied to solve
nonlinear differential equation arising in convective straight fins with
temperature-dependent thermal conductivity problem.

This exerting of DTM is compared to exact solution and fourth-
order Runge–Kutta Numerical solution. The figures and tables clearly
show high accuracy of DTM to solve heat transfer problems in
engineering.
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